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Dedicated to Professor Ivan Vidav on the occasion of his eighty-fifth birthday

Abstract. For a circle Γ = {z ∈ C : |z − c| = ρ} write Λ(Γ) = {(z,w) : (z −
a)(w − a) = ρ2, 0 < |z − a| < ρ}. A continuous function f on Γ extends
holomorphically from Γ (into the disc bounded by Γ) if and only if the func-
tion F (z, z) = f(z) defined on {(z, z) : z ∈ Γ} has a bounded holomorphic
extension into Λ(Γ). In the paper we consider open connected families of cir-
cles C, write U =

⋃
{Γ: Γ ∈ C}, and assume that a continuous function on U

extends holomorphically from each Γ ∈ C. We show that this happens if and
only if the function F (z, z) = f(z) defined on {(z, z) : z ∈ U} has a bounded
holomorphic extension into the domain

⋃
{Λ(Γ): Γ ∈ Q} for each open family

Q compactly contained in C. This allows us to use known facts from several
complex variables. In particular, we use the edge of the wedge theorem to
prove a theorem on real analyticity of such functions.

1. Introduction

Write ∆(a, ρ) = {ζ ∈ C : |ζ − a| < ρ}, ∆ = ∆(0, 1). We say that a continuous
function on b∆(a, ρ) extends holomorphically from b∆(a, ρ) if it has a continuous
extension to ∆(a, ρ) which is holomorphic on ∆(a, ρ).

The initial motivation for the work whose results are presented here was the
following.

Question [G2]. Let D = {ζ ∈ C : |Im ζ| < 1} and let f be a continuous function
on D. Suppose that f extends holomorphically from every circle b∆(t, 1), t ∈ R. Is
f holomorphic on D?

M. Agranovsky and the author [AG] and, independently, L. Ehrenpreis [E] have
shown that the answer is positive under the additional assumption that f is real-
analytic in a neighbourhood of D. After the present paper was submitted for
publication the author received a preprint from A. Tumanov [T] in which he proves
that the answer is positive in general.

We begin by an example. Let C be the family of all circles in C surrounding the
origin. There are continuous functions f on U = C \ {0} which extend holomorphi-
cally from each Γ ∈ C and are not holomorphic on U . An example is f(z) = 1/z.

Let a ∈ C and ρ > 0. As in [1], let Λa,ρ = {(z, w) ∈ C2 : (z−a)(w−a) = ρ2, 0 <
|z − a| < ρ}. This is a closed complex submanifold of C2 \ Σ attached to the real
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two-plane Σ = {(z, z) : z ∈ C} along the circle bΛa,ρ = {(z, z) : z ∈ b∆(a, ρ)}. We
call Λa,ρ the variety associated with b∆(a, ρ).

It is easy to see that the function f extends holomorphically from b∆(a, ρ) if
and only if the function (z, z) 7→ F (z, z) = f(z) defined on bΛa,ρ has a continuous
extension to Λa,ρ ∪ bΛa,ρ that is holomorphic and bounded on Λa,ρ.

We look at open connected familes of circles, that is, at families of the form

C(P) = {b∆(a, ρ) : (a, ρ) ∈ P}
where P is an open connected subset of C× (0,∞). Denote by U(P) the subset of
C swept by the circles in C(P):

U(P) =
⋃
{Γ : Γ ∈ C(P)} =

⋃
{b∆(a, ρ) : (a, ρ) ∈ P}

and by Ω(P) the union of the associated varieties Λa,ρ:

Ω(P) =
⋃
{Λa,ρ : (a, ρ) ∈ P}.

We write Ũ(P) = {(z, z) : z ∈ U(P)}, and we write Q ⊂⊂ P if Q is contained in a
compact subset of P .

Suppose that P is an open connected subset of C × (0,∞), and let f be a
continuous function on Ω(P) which extends holomorphically from each circle in
C(P). In this paper we look at all varieties Λa,ρ, (a, ρ) ∈ P , and simultaneously at
holomorphic extensions of F into all these varieties. We show that these extensions
match at the intersections of these varieties and give rise to a holomorphic function
of two variables in Ω(P). We show that Ω(P) is an open connected set attached
to Σ along Ũ(P), and that the function f extends holomorphically from each circle
in C(P) if and only if for each open set Q ⊂⊂ P the function F |Ũ(Q) has a
bounded continuous extension to Ω(Q) ∪ Ũ(Q) that is holomorphic on Ω(Q). We
show that each point of Ũ(P) has a neighbourhood Ṽ ⊂ Ũ(P) such that Ω(P)
contains a wedge with the edge Ṽ . The function f will be holomorphic on U(P)
if and only if F̃ depends only on the first variable. All this allows us to use some
known facts from several complex variables when looking at various families of
circles C(P). In particular, we use the edge of the wedge theorem to show that
holomorphic extendibility from certain families of circles implies the real analyticity
of f (Theorem 6.1).

2. Varieties Λa,ρ

Proposition 2.1. Let (z, w) ∈ C2 \Σ. Given R > 0, there is a unique a such that
(z, w) ∈ Λa,R:

(2.1) a = z +
[√

1 + 4R2/|z − w|2 − 1
]
(z − w)/2.

Proof. It is easy to see [1] that (z, w) ∈ Λa,R if and only if there is a t > 0 such that
a = z + t(z − w) and R =

√
t(t+ 1)|z − w|. Finding t from R2 = t(t + 1)|z − w|2

gives (2.1) and completes the proof.

Proposition 2.2. Let (a1, ρ1) 6= (a2, ρ2). Then Λa1,ρ1 meets Λa2,ρ2 if and only if
a1 6= a2 and one of the circles b∆(a1, ρ1), b∆(a2, ρ2) surrounds the other. If this
is the case, then Λa1,ρ1 and Λa2,ρ2 meet transversely and the intersection consists
of one point.
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Proof. Suppose that (z, w) ∈ Λa1,ρ1 ∩ Λa2,ρ2 . If a1 = a2, then, by our assumption,
ρ1 6= ρ2; so Λa1,ρ1 ∩ Λa2,ρ2 = ∅. Consequently a1 6= a2. There are ti > 0 such that
ai = z + ti(z − w) and ρi =

√
ti(ti + 1)|z − w|, i = 1, 2. Since a1 6= a2, it follows

that t1 6= t2, which implies that one of the circles b∆(a1, ρ1), b∆(a2, ρ2) surrounds
the other. By Proposition 2.1, (z, w) is the unique point of Λa1,ρ1 ∩ Λa2,ρ2 .

Conversely, assume that one of the circles surrounds the other and that the
centers are different. With no loss of generality, assume that the surrounding circle
is centered at the origin. So assume that b∆(0, R) surrounds b∆(b, ρ), b 6= 0.
Computing the z-coordinates of the intersection of the corresponding varieties

(2.2) w = R2/z (0 < |z| < R), w = b+ ρ2/(z − b) (0 < |z − b| < ρ),

we get

(z − b)2 +
bb+ ρ2 −R2

b
(z − b) + ρ2 b

b
= 0.

So the roots z1, z2 satisfy |z1− b||z2− b| = ρ2. Assume for a moment that |z1− b| =
ρ; so z1 = b + ρζ where |ζ| = 1. By (2.2) it follows that w1 = b + ρ/ζ and
(b + ρζ)(b + ρ/ζ) = R2, which is impossible since |b| + ρ < R. Thus, one of the
roots, say z1, satisfies |z1 − b| < ρ, and since |b|+ ρ < R, it follows that |z1| < R.
Obviously z1 6= b, z1 6= 0 and so Λ0,R meets Λa,ρ.

Suppose that the varieties Λ0,R and Λa,ρ intersect at (z, w) nontransversely. This
means that

(2.3) R2/z = a+ ρ2/(z − a) and R2/z2 = −ρ2/(z − a)2.

Suppose first that ρ/(z−a) = +R/z. The first equality in (2.3) gives (R−ρ)2 = aa.
SoR = ρ+|a|, which is not possible since b∆(R, 0) surrounds b∆(a, ρ). If ρ/(z−a) =
−R/z, then the first equality in (2.3) gives (R+ρ)2 = aa; so R+ρ = ±|a|. Neither is
possible, since b∆(R, 0) surrounds b∆(a, ρ). Thus, Λ0,R intersects Λa,ρ transversely.
This completes the proof.

We will intersect Λa,ρ with two-planes perpendicular to the Lagrangian two-
plane Σ. Note that the two-dimensional subspace perpendicular to Σ is iΣ =
{(z,−z) : z ∈ C}.

Proposition 2.3. Let z ∈ C, t > 0 and ϕ ∈ R. Then (z, z)+(teiϕ,−te−iϕ) ∈ Λa,R
if and only if a = z +

√
t2 +R2eiϕ.

Proof. By Proposition 2.1, (z + teiϕ, z − te−iϕ) ∈ Λa,R if and only if

a = z + teiϕ + (
√

1 +R2/t2 − 1)(2teiϕ)/2 = z +
√
t2 +R2eiϕ.

We will also intersect Λa,R with complex lines z = const.

Proposition 2.4. Let z ∈ C, t > 0 and ϕ ∈ R. Then (z, z) + (0, teiϕ) ∈ Λa,R if
and only if

a = z − 2R2

√
4R2 + t2 + t

e−iϕ.

Proof. By Proposition 2.1, (z, z + teiϕ) ∈ Λa,R if and only if

a = z +
(√

1 + 4R2/t2 − 1
)
(−te−iϕ)/2 = z − 2R2

√
4R2 + t2 + t

e−iϕ.
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If R > 0 and a1, a2 ∈ C, a1 6= a2, then Λa1,R ∩ Λa2,R = ∅. In fact, Λa2,R =
T (Λa1,R) where T is the translation parallel to Σ given by

T (z, w) = (z − (a2 − a1), w − (a2 − a1).

3. Domains Ω(P)

Let P be an open subset of C×(0,∞). Proposition 2.1 implies that Ω(P) is open.
In fact, by Proposition 2.1 the set

⋃
{Λb,R : |b−a| < δ} is an open neighbourhood of

Λa,R for each δ > 0. Assume, in addition, that P is connected. We show that Ω(P)
is connected. Since each Λa,ρ is homeomorphic to the punctured disc, it is enough to
show that for each (a0, ρ0), (a1, ρ1) ∈ P , there is a path in Ω(P) joining a point in
Λa0,ρ0 with a point in Λa1,ρ1 . Let (a0, ρ0), (a1, ρ1) ∈ P . Since P is connected, there
is a path (a, ρ) : [0, 1] 7→ P such that (a(0), ρ(0)) = (a0, ρ0), (a(1), ρ(1)) = (a1, ρ1).
Since a and ρ are bounded on [0, 1], it follows that for w large enough, each Λa(t),ρ(t)

is a uniformly small perturbation of {(z, w) : z = a(t)}, 0 ≤ t ≤ 1. Thus we
may choose w0 so large that the line {(z, w0) : z ∈ C} intersects Λa(t),ρ(t) at one
point and transversely. Call the intersection point (z(t), w(t)). By transversality,
t 7→ (z(t), w(t)) is continuous on [0, 1] and provides a path joining a point of Λa0,ρ0

with a point of Λa1,ρ1 .
Let a0 ∈ C andR > 0. We will need domains of the form Ω =

⋃
{Λa,R : |a−a0| <

δ} for small δ > 0. In this case Ω = Ω(Q) where Q = {(a,R) : |a− a0| < δ} is not
an open subset of C × (0,∞). We will show that in this case there is a domain P
in C × (0,∞) such that Ω = Ω(P). In our case

⋃
{b∆(a,R) : |a − a0| < δ} is the

annulus A = {z ∈ C : R− δ < |z − a0| < R+ δ}, and so Ω is the union of varieties
associated with circles of radius R contained in A. We shall show that whenever
a circle Γ ⊂ A surrounds the hole, the associated variety is contained in Ω. Thus,
Ω = Ω(P) where P = {(a, ρ) ∈ C× (0,∞) : |a|+ ρ < R+ δ, |a| − ρ > −(R− δ)}.

Proposition 3.1. Let 0 < ρ < R. The variety Λ0,ρ is contained in the union of
varieties {Λa,R : |a| < R − ρ}, and this is the smallest family of varieties Λa,R
whose union contains Λ0,ρ.

Remark. In other words, to cover Λa,ρ we have to take the family of varieties
associated with all circles of radius R that surround the circle b∆(0, ρ).

Proof. Let 0 < t < ρ and α ∈ R. Proposition 2.1 implies that the point

(teiα, ρ2e−iα/t) ∈ Λ0,ρ

belongs to Λa,R if and only if

a = eiα
[
t+
[√

1 + 4R2/(ρ2/t− t)2 − 1
](
t− ρ2/t

)
/2
]

= eiα
−2(R2 − ρ2)

(t+ ρ2/t) +
√

(t+ ρ2/t)2 + 4(R2 − ρ2)
.

It is easy to see that when t increases from 0 to ρ the expression

R2 − ρ2

(t+ ρ2/t) +
√

(t+ ρ2/t)2 + 4(R2 − ρ2)

increases from 0 to R − ρ, and so a moves along the segment with endpoints
0,−eiα(R− ρ) from 0 to −eiα(R − ρ). This completes the proof.
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Proposition 3.2. Let 0 < R < ρ. The variety Λ0,ρ is contained in the union of
varieties {Λa,R : |a| < ρ − R}, and this is the smallest family of varieties Λa,R
whose union contains Λ0,ρ.

Remark. In other words, to cover Λ0,ρ we have to take the family of varieties Λa,R
associated with all circles of radius R that are surrounded by the circle b∆(0, ρ).

Proof. As before, (teiα, ρ2e−iα/t) ∈ Λ0,ρ belongs to Λa,R if and only if

a = 2eiα
ρ2 −R2

(t+ ρ2/t) +
√

(t+ ρ2/t)2 + 4(R2 − ρ2)
.

Again, as t increases from 0 to ρ the expression

2ρ2 −R2

(t+ ρ2/t) +
√

(t+ ρ2/t)2 + 4(R2 − ρ2)

increases from 0 to ρ− R, and consequently a moves along the segment with end-
points 0, eiα(ρ−R) from 0 to eiα(ρ−R). This completes the proof.

Proposition 3.3. Let z0 ∈ C, 0 < r < R, and write γ = (R+ r)/2. Let A = {z ∈
C : r < |z − z0| < R}. Let Ω be the union of all Λa,γ such that b∆(a, γ) ⊂ A, and
let Ω1 be the union of all Λb,ρ such that b∆(b, ρ) ⊂ A surrounds the hole. Then
Ω = Ω1.

Proof. Obviously Ω ⊂ Ω1. To show that Ω1 ⊂ Ω, let b∆(a, ρ) ⊂ A surround
the hole. We have to show that Λa,ρ is contained in the union of Λb,γ such that
b∆(b, γ) ⊂ A. This is obvious if ρ = γ. Suppose that ρ < γ. By Proposition 3.1,
Λb,ρ is contained in the union of all Λa,γ such that b∆(a, γ) surrounds b∆(b, ρ).
Since b∆(b, ρ) surrounds the hole, each such b∆(a, γ) must surround the hole, and
so it must be contained in A since γ = (R + r)/2. Suppose now that ρ > γ.
By Proposition 3.2, Λb,ρ is contained in the union of Λa,γ such that b∆(a, γ) is
surrounded by b∆(b, ρ). In particular, each such b∆(a, γ) is contained in ∆(z0, R),
and thus surrounds the hole since γ = (R+r)/2. So each such b∆(a, γ) is contained
in A. This completes the proof.

Proposition 3.4. Let z0, r, R, γ and Ω be as in Proposition 3.3. Then the
boundary of Ω is the union of {(z, z) : z ∈ A} and all Λa,γ such that b∆(a, γ) is
tangent to both b∆(z0, r) and b∆(z0, R).

Proof. This is an easy consequence of Proposition 2.1.

Proposition 3.5. Suppose that b∆(a1, ρ1) ⊂ ∆(a2, ρ2) and that b∆(a, ρ1) meets
b∆(a2, ρ2) at one point z0. There is a δ > 0 such that if Pi = {(a, ρ) : |a − ai| <
δ, |ρ − ρi| < δ}, i = 1, 2, then Ω(P1) ∩ Ω(P2) is connected. Moreover, there is a
neighbourhood S of z0 in C such that Ω(P1)∩Ω(P2) contains a wedge with the edge
S̃ = {(z, z) : z ∈ S}.

Remark. A wedge here is a domain of the form E + [V ∩ B] where E is an open
connected subset of Σ, V is an open convex cone in iΣ with vertex at the origin
and B is an open ball centered at the origin. We call E the edge of the wedge
E + [V ∩B].
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Proof. Choose δ > 0 so small that no circle in C(P1) surrounds a circle from
C(P2) and no center of a circle from C(P1) coincides with a center of a circle from
C(P2). Since P1,P2 are open, it follows that Ω(P1) ∩Ω(P2) is open. Suppose that
(z1, w1), (z2, w2) ∈ Ω(P1) ∩ Ω(P2). We show that there is a path (z, w) : [0, 1]→
Ω(P1) ∩ Ω(P2) joining (z1, w1) and (z2, w2). There are (b1, r1), (b2, r2) ∈ P1 and
(c1, R1), (c2, r2) ∈ P2 such that (zi, wi) = Λbi,ri ∩ Λci,Ri , i = 1, 2. Obviously
b∆(c1, R1) surrounds b∆(b1, r1), b∆(c2, R2) surrounds b∆(b2, r2) and ci 6= bi, i =
1, 2. It is easy to choose continuous maps (b, r) : [0, 1] → P1, (c, R) : [0, 1]→ P2,
b(0) = b1, b(1) = b2, r(0) = r1, r(1) = r2, c(0) = c1, c(1) = c2, R(0) = R1, R(1) =
R2, such that for each t, 0 ≤ t ≤ 1, b∆(c(t), R(t)) surrounds b∆(b(t), r(t)). By
the properties of P1 and P2 we have b(t) 6= c(t) (0 ≤ t ≤ 1). It follows by Proposi-
tion 2.1 that for each such t, Λb(t),r(t) meets Λc(t),R(t) in one point (z(t), w(t)) and
transversely. The transversality implies that the map t 7→ (z(t), w(t)) is continuous
on [0, 1]. It has all the required properties.

Recall that by Proposition 2.3, (ζ, ζ) + (teiϕ,−te−iϕ) ∈ Λa,R for t > 0 and ϕ

real if and only if a = ζ +
√
t2 +R2eiϕ. There is a ϕ0 ∈ R such that z0 + ρje

iϕ0 =
aj, j = 1, 2. Clearly ρ2 > ρ1. By the preceding discussion, given j = 1, 2, we
have (ζ, ζ) + (teiϕ,−te−iϕ) ∈ Λa,ρj with t > 0 and ϕ ∈ R if and only if a =

ζ +
√
t2 + ρ2

je
iϕ.

It is easy to see that there is an η > 0 such that ζ +
√
t2 + ρ2

1e
iϕ ∈ a1 + δ∆ and

ζ +
√
t2 + ρ2

2e
iϕ ∈ a2 + δ∆ provided that

(3.1) |ζ − z0| < η, 0 < t < η, and |ϕ− ϕ0| < η,

which implies that (ζ, ζ) + (teiϕ,−te−iϕ) ∈ Ω(P1) ∩ Ω(P2) whenever (3.1) holds.
So {(ζ, ζ) + (teiϕ,−te−iϕ) : |ζ − z0| < η, 0 < t < η, |ϕ − ϕ0| < η} is a wedge
contained in Ω(P1) ∩ Ω(P2). This completes the proof.

Remark. Proposition 3.5 implies that if Fi are continuous functions on Ω(Pi) ∪ S̃
that are holomorphic on Ω(Pi), i = 1, 2, and if F1 ≡ F2 on S̃, then F1 ≡ F2 on
Ω(P1) ∩Ω(P2).

4. Holomorphic extensions, local case

Proposition 4.1. A continuous function f on b∆(a, ρ) extends holomorphically
from b∆(a, ρ) if and only if the function F defined on bΛa,ρ by F (z, z) = f(z) (z ∈
b∆(a, ρ)) has a continuous extension to Λa,ρ∪bΛa,ρ that is bounded and holomorphic
on Λa,ρ.

Proof. The function f̃ is a holomorphic extension of f to ∆(a, ρ) if and only if
F̃ (z, a+ ρ2/(z − a)) = f̃(z) (0 < |z − a| < ρ) is a bounded holomorphic extension
of F to Λa,ρ.

Remark. The same reasoning implies that whenever G is a continuous function on
Λa,ρ ∪ bΛa,ρ that is holomorphic and bounded on Λa,ρ, then for each (z, w) ∈ Λa,ρ,

|G(z, w)| ≤ max{|G(ξ, η)| : (ξ, η) ∈ bΛa,ρ}.
We shall need the following result, proved in [G3].

Lemma 4.2. Let 0 < r < R, let γ = (R+ r)/2 and let A = {z ∈ C : r < |z| < R}.
Let f be a continuous function on A which extends holomorphically from every
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circle b∆(a, γ) tangent to both b∆(0, r) and b∆(0, R). Then, on A, f is a uniform
limit of polynomials in z and 1/z. In particular, f extends holomorphically from
every circle contained in A that surrounds the hole.

Notice that the assumptions in Lemma 4.2 are that A is the union of the circles
eiωΓ, ω ∈ R, where Γ is a circle that surrounds the origin and is not centered at
the origin, and f extends holomorphically from eiωΓ for each ω ∈ R.

Let 0 < r < R and let A = {z ∈ C : r < |z| < R}. In the rest of this section
we shall denote by Ω(A) the union of all Λa,ρ associated with circles b∆(a, ρ) ⊂ A
that surround the origin. By Proposition 3.3, Ω(A) is equal to the union of all
Λa,γ , γ = (R+ r)/2, associated with circles b∆(a, γ) ⊂ A that surround the origin.

Here is our local theorem.

Theorem 4.3. Let 0 < r < R and let A = {z ∈ C : r < |z| < R}. Let f be a
continuous function on A. The following are equivalent:

(i) f extends holomorphically from every circle of radius (R + r)/2 tangent to
both b∆(0, r) and b∆(0, R);

(ii) f extends holomorphically from every circle in A surrounding the hole;
(iii) the function F (z, z) = f(z) defined on {(z, z) : z ∈ A} extends to a bounded

continuous function on Ω(A) which is holomorphic on Ω(A).

Proof. The equivalence of (i) and (ii) follows from Lemma 4.2. Suppose that (iii)
holds. Then for each a, ρ such that b∆(a, ρ) surrounds the origin the function
F (z, z) = f(z) has a bounded continuous extension from bΛa,ρ to Λa,ρ ∪ bΛa,ρ that
is holomorphic on Λa,ρ, which, by Proposition 4.1, implies that f extends holomor-
phically from b∆(a, ρ). By continuity it follows that this holds for every circle in A
that surrounds the origin. This proves that (iii) implies (ii). Conversely, suppose
that (ii) holds. By Lemma 4.2 it follows that on A, the function f is a uniform limit
of polynomials in z and 1/z, which implies that on {(z, z) : z ∈ A} the function
F (z, z) = f(z) is a uniform limit of polynomials in z and 1/w. Each such poly-
nomial P (z, 1/w) is a bounded continuous function on Ω(A) which is holomorphic
on Ω(A). For each Λa,ρ ⊂ Ω(A) such a polynomial is bounded and continuous
on Λa,ρ ∪ bΛa,ρ and holomorphic on Λa,ρ; hence, by the remark after Proposition
4.1, for each (z, w) ∈ Λa,ρ we have |P (z, 1/w)| ≤ max{|P (ξ, 1/η)| : (ξ, η) ∈ bΛa,ρ}.
It follows that max{|P (z, 1/w)| : (z, w) ∈ Ω(A)} = max{|P (z, 1/w)| : (z, w) ∈
{(ζ, ζ) : ζ ∈ A}}, which implies that the uniform convergence of polynomials in z
and 1/w on {(z, z) : z ∈ A} implies the uniform convergence to a bounded con-
tinuous function on Ω(A). In particular, if on A the function f is the uniform
limit of a sequence Pn(z, 1/z), where Pn are polynomials, then Pn(z, 1/w) con-
verges uniformly on Ω(A) to a bounded continuous function F̃ that extends F and
is holomorphic on Ω(A). Thus (iii) holds. This completes the proof.

The function algebra on the annulus A generated by z and 1/z arose naturally
in [G3]. By our Theorem 4.3 this is the algebra of all functions of the form f(z) =
F (z, z) (z ∈ A) where F is a bounded continuous function on the closure of the
wedge domain Ω(A) with the edge {(z, z) : z ∈ A} which is holomorphic on Ω(A).

Proposition 4.4. Suppose that f satisfies the conditions of Theorem 4.3. Then f
is holomorphic on A (and in fact, extends holomorphically into the hole) if and only
if the continuous extension F̃ (z, w) of F (z, z) = f(z) from Ã = {(z, z) : z ∈ A} to
Ã ∪ Ω(A) which is holomorphic on Ω(A) depends only on the variable z.
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Proof. Suppose that f is holomorphic on A. By (i) the function f extends holo-
morphically to ∆(0, R); denote the extension by f̃ . The function (z, w) 7→ f̃(z)
is holomorphic on ∆(0, R) × C and equal to F̃ (z, w) on Ω(A); so F depends only
on the first variable. Conversely, if F̃ (z, w) depends only on the first variable,
F̃ (z, w) = g(z), then obviously g is holomorphic on ∆(0, R) and g = f on A. This
completes the proof.

In Theorem 4.3, Ω(A) is an unbounded wedge domain contained in C2 \ Σ with
the edge Ã = {(z, z) : z ∈ A} contained in Σ. The closure of Ω(A) misses the
complex line {(z, w) : w = 0}. So we can use the map Φ(z, w) = (z, 1/w) to get
another version of Theorem 4.3 and thus another description of continuous functions
on A which extend holomorphically from each circle in A surrounding the origin.
The map Φ maps C2 \{(z, w) : w = 0} biholomorphically onto itself, and the image
of Σ \ {(0, 0)} under Φ is the totally real manifold L = {(z, 1/z) : z ∈ C \ {0}}. If
b∆(a, ρ) surrounds the origin, then the analytic disc

Θa,ρ = Φ(Λa,ρ) ∪ {(a, 0)}

= {(z, w) : (z − a)(
1
w
− a) = ρ2, 0 < |z − a| < ρ} ∪ {(a, 0)}

= {
(
z,

z − a
az − aa+ ρ2

)
: |z − a| < ρ}

is contained in C2 \ L and is attached to L along bΘa,ρ = {(z, 1/z) : z ∈ b∆a,ρ}.
Clearly a continuous function f on a circle b∆(a, ρ) ⊂ A that surrounds the origin
extends holomorphically from b∆(a, ρ) if and only if the function G(z, 1/z) = f(z)
defined on bΘa,ρ has a continuous extension to Θa,ρ ∪ bΘa,ρ which is holomorphic
on Θa,ρ.

A function f is a uniform limit of polynomials in z and 1/z on A if and only if
on {(z, 1/z) : z ∈ A} the function G(z, 1/z) = f(z) (z ∈ A) is a uniform limit of
polynomials. Let Ξ(A) be the union of all Θa,ρ such that b∆(a, ρ) ⊂ A surrounds
the origin. Ξ(A) is a domain in C2 \ L attached to L along {(z, 1/z) : z ∈ A}. It
is foliated by the discs Θa,γ where γ = (R+ r)/2 and b∆(a, γ) ⊂ A.

Here is an equivalent form of (iii) in Theorem 4.3

Theorem 4.5. Each of (i), (ii) and (iii) in Theorem 4.3 is equivalent to
(iv) the function G(z, 1/z) = f(z) extends from {(z, 1/z) : z ∈ A} ⊂ L to a

continuous function on Ξ(A) which is holomorphic on Ξ(a).

Remark. In the next section we will work with large families of circles, and in
general there will be no line (z, w) : z ∈ C missing all Λa,ρ. So the above reasoning
will not be possible in general.

5. Holomorphic extensions, general case

In this section we look at large families of circles.

Theorem 5.1. Let P be an open connected subset of C × (0,∞). Then Ω(P) is
a domain in C2 \ Σ attached to Σ along Ũ(P) = {(z, z) : z ∈ U(P)}. Let f be a
continuous function on U(P). Define F (z, z) = f(z) (z ∈ U(P)). The following
are equivalent:

(i) f extends holomorphically from each Γ ∈ C(P);
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(ii) for each open set Q ⊂⊂ P the function F |Ũ(Q) has a bounded continuous
extension to Ω(Q) ∪ Ũ(Q) which is holomorphic on Ω(Q).

Proof. It is obvious that (ii) implies (i). Suppose that (i) holds. Then for each
(a, ρ) ∈ P the function F extends from bΛa,ρ = {(z, z) : z ∈ b∆(a, ρ)} to a bounded
continuous function Fa,ρ on Λa,ρ ∪ bΛa,ρ, holomorphic on Λa,ρ. This extension is
unique and is bounded on Λa,ρ by max{|F (z, w)| : (z, w) ∈ bΛa,ρ}. Theorem 4.3
implies that for each (a0, ρ0) ∈ P there is an open neighbourhood W ⊂ P of
(a0, ρ0) such that the function F extends from Ũ(W) = {(z, z) : z ∈ U(W)} to
a continuous function on Ũ(W) ∪ Ω(W) which is holomorphic and bounded on
Ω(W). On each Λa,ρ, (a, ρ) ∈ W , the extension coincides with Fa,ρ. In particular,
if (a, ρ), (a′, ρ′) ∈ W are such that Λa,ρ and Λa′,ρ′ meet, then Fa,ρ = Fa′,ρ′ on
Λa,ρ ∩ Λa′,ρ′ . To show that the extensions Fa,ρ give rise to a well-defined function
F on Ω(P), we must show that whenever (a, ρ), (a′, ρ′) ∈ P are such that Λa,ρ and
Λa′,ρ′ meet, then Fa,ρ = Fa′,ρ′ on Λa,ρ ∩ Λa′,ρ′ . This is obvious if Λa,ρ = Λa′,ρ′ . If
Λa,ρ 6= Λa′,ρ′ and Λa,ρ and Λa′,ρ′ meet, then by Proposition 2.2 they meet at one
point and transversely; and this happens if and only if the circles b∆(a, ρ), b∆(a′, ρ′)
have different centers and one surrounds the other. With no loss of generality
assume that b∆(a, ρ) surrounds b∆(a′, ρ′). Since P is open and connected, there
are an (a0, ρ0) ∈ P and a real analytic map t 7→ (A(t), R(t)) from [0, 1] to P such
that

(a) b∆(a0, ρ0) ⊂ ∆(a, ρ) and b∆(a0, ρ0) meets b∆(a, ρ) at one point z0,
(b) A(0) = a0, R(0) = ρ0, A(1) = a′, R(1) = ρ′,
(c) for each t, 0 < t ≤ 1, b∆(a, ρ) surrounds b∆(A(t), R(t)), and
(d) A(t) 6= a (0 ≤ t ≤ 1).
Define {(z(t), w(t))} = ΛA(t),R(t) ∩ Λa,ρ (0 < t ≤ 1), (z(0), w(0)) = (z0, z0).

Since ΛA(t),R(t) are complex manifolds depending in a real analytic way on t, trans-
versality implies that t 7→ (z(t), w(t)) is real analytic on (0, 1], and it is easy to see
that it is continuous at t = 0.

For each (b, r) ∈ P there is an open neighbourhood V of (b, r) in P such that
the function F defined on Ω(V) by F |Λa,ρ = Fa,ρ ((a, ρ) ∈ V) is well defined and
holomorphic on Ω(V). It follows that the functions t 7→ FA(t),R(t)(z(t), w(t)) and
t 7→ Fa,ρ(z(t), w(t)) are real analytic on (0, 1]. Proposition 3.5 implies that there is
an ε > 0 such that

(5.1) FA(t),R(t)(z(t), w(t)) = Fa,ρ(z(t), w(t)) (0 < t < ε).

So the real analyticity implies that (5.1) holds for all t, 0 ≤ t ≤ 1. In particular,
for t = 1 we obtain Fa′,ρ′ |Λa′,ρ′ ∩ Λa,ρ = Fa,ρ|Λa′,ρ′ ∩ Λa,ρ, which we wanted to
show. This completes the proof.

6. Holomorphic extensions from circles and real analyticity

Let 0 < r < R, let A = {z ∈ C : r < |z| < R}, and let f be a continuous
function on A which extends holomorphically from each circle Γ ⊂ A surrounding
the origin. Then f is not necessarily smooth on A. We show this by an example.
For z = reiθ 6= 0 define

(6.1) f(z) =
√

1 + e2iθ.

After choosing the branch of the square root, the function f is well defined and
continuous on C \ {0}. It is constant on each ray emanating from the origin, and
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is not smooth along {±it : t > 0}. Since eiθ 7→
√

1 + eiθ is the boundary function
of the function ζ 7→

√
1 + ζ that belongs to the disc algebra, it follows that on

b∆,
√

1 + ζ is a uniform limit of polynomials in ζ. In particular, on C \ {0},
f(z) =

√
1 + z/z is a uniform limit of polynomials in z/z, and consequently f

extends holomorphically from every circle surrounding the origin.
The example also shows that such a function can be real analytic on a part of A

without being real analytic everywhere on A.

Theorem 6.1. Let Γ1,Γ2,Γ3 be three circles passing through the origin such that
the triangle with vertices at their centers contains the origin. Let f be a continuous
function on a neighbourhood of Γ1 ∪ Γ2 ∪ Γ3 which extends holomorphically from
each circle sufficiently close to any of the circles Γ1,Γ2,Γ3. Then f is real analytic
in a neighbourhood of the origin.

Remark. By Lemma 4.2 it is enough to assume the holomorphic extendibility from
circles Γ such that those near Γi have the same radius as Γi, 1 ≤ i ≤ 3.

Corollary 6.2. Let Γ1,Γ2 be two circles passing through the origin such that the
open discs they surround are disjoint. Suppose that f is a continuous function in a
neighbourhood of Γ1∪Γ2 which extends holomorphically from each circle sufficiently
close to either Γ1 or Γ2. Then f is real analytic in a neighbourhood of the origin.

Proof of Theorem 6.1. Moving the circles slightly if necessary, we may assume with
no loss of generality that the triangle with vertices at the centers contains the origin
in its interior. Let δ > 0, let Γi = b∆(ai, ρi), Pi = {(a, ρ) : |a− ai| < δ, |ρ− ρi| <
δ}, 1 ≤ i ≤ 3, and suppose that f is a continuous function on U(P1)∪U(P2)∪U(P3)
which extends holomorphically from each b∆(a, ρ), (a, ρ) ∈ P1 ∪ P2 ∪ P3. For
each i, 1 ≤ i ≤ 3, apply Theorem 5.1 to show that the function F , defined by
F (z, z) = f(z), has a continuouus extension from Ũ(Pi) = {(z, z) : z ∈ U(Pi)} to
Ũ(Pi) ∪ Ω(Pi) that is holomorphic on Ω(Pi).

Fix j, 1 ≤ j ≤ 3. By Proposition 2.3 there is a γj > 0 such that if Dj =
{(ζ, ζ) : |ζ| < γj} and Vj = {t(eiϕ,−eiϕ) : 0 < t < γj , |ϕ − arg aj | < γj}, then
the wedge domain Dj + Vj is contained in Ω(Pj). So there is a δ > 0 such that if
D = {( ζ) : |ζ| < δ} and Wj = {t(eiϕ,−eiϕ) : 0 < t < δ, |ϕ− arg aj| < γ}, then the
Wi are pairwise disjoint and F has a continuous extension to

D ∪ (D +W1) ∪ (D +W2) ∪ (D +W3),

which is holomorphic on (D +W1) ∪ (D +W2) ∪ (D +W3).
Recall that D is a subset of Σ, a Lagrangian subspace of C2, and Wj ⊂ iΣ are,

by our assumptions about the centers aj , such that the convex hull of W1∪W2∪W3

is all of iΣ. Hence by Epstein’s generalization of the edge of the wedge theorem
[R], F (z, z) = f(z) extends holomorphically into a neighbourhood of the origin in
C2. This completes the proof.

Remark. Note that the conditions about position of the centers cannot be dropped.
Indeed, some condition of this sort is necessary, as can be seen from example (6.1).
Let f be as in (6.1), let t > 0 be very small and let c > 0 be very large. Let Γ+ and
Γ− be the circles passing through the point it with centers at c, −c, respectively.
Then f extends holomorphically from each circle sufficiently close to either Γ+ or
Γ−, yet f is not smooth in a neighbourhood of the point it.
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